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Laminar Mixed Convection Flow in a Vertical Tube

A. Moutsoglou™ and Y. D. Kwonft
South Dakota State University, Brookings, South Dakota 57007

A computational study is conducted to quantify the buoyancy effects on laminar forced flow of air in a
heated/cooled vertical tube. Buoyancy assisting and buoyancy opposing flow cases are considered for heat-
ing/cooling rates that provide either uniform wall temperature or uniform heat flux conditions. The nature of
the observed effects of various heating/cooling rates and configurations on the velocity and temperature devel-
opment, as well as on flow reversal, is explained. Critical buoyancy parameters that signal the onset of flow
reversal, as well as axial locations where flow reversal first occurs, are determined in the study. The effects of
the buoyancy parameter on friction factors, Nusselt numbers, and flow and thermal entry lengths are docu-

mented.
Nomenclature

D = pipe diameter, m

f = Jocal friction factor, 87,/p.i*

f = average friction factor, 87,/p.11% = [§f dx/x

Gr = Grashof number, gg|T,, — T.|R*/v* for UWT,
or modified Grashof number, gg|q,|R*kv? for
UHF

g = gravitational acceleration, m/s?

k = thermal conductivity, W/m-K

Nu, = local bulk Nusselt number, ¢, D/k(T,, — T,)

Nu, = average bulk Nusselt number,
Q.DR7Rxk(T,, — T,)

Nu,. = local ambient Nusselt number,

o q.,.DIK(T,, — T.)

Nu, = average ambient Nusselt number,

o Q.DR27wRxk(T, — T.)

P, P = dimensionless mean pressure and dimensionless
pressure variation from the mean

Pr = Prandt]l number, v/«

p,p = mean and pressure variation from the mean, Pa

G, = local wall heat flux to fluid, W/m?

R = pipe radius, m

Rep = Reynolds number, &D/v

T = temperature, K

T. = ambient temperature, K

T,, T, = local and average bulk temperatures, K

T,, T, = local and average wall temperatures, K

UHF = uniform heat flux

U,V = dimensionless axial and radial velocity
components

UWT = uniform wall temperature

7] = mean velocity, m/s

u, v = axial and radial velocity components, m/s

X = dimensionless axial coordinate, 4x/DRep

X, r = axial and radial coordinates, m

@ = thermal diffusivity, m?/s

B = coefficient of thermal expansion, K~!

n = dimensionless radial coordinate, #/R

0 = dimensionless temperature, 6 = (T — T.)/
(T, — T.) for UWT, or 8 = k(T — T..)/
q,,R for UHF

v = kinematic viscosity, m?/s

p, p. = local and ambient densities, kg/m?
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= local and average wall shear stresses, N/m?
= buoyancy force parameter, = Gr/Rep

o
|

Introduction

OMBINED forced and free convection in a vertical tube

is one of the most extensively investigated mixed con-
vection problems because of its application in heat exchangers
and nuclear technology. A summary highlighting only some
of the published computational and experimental studies
for laminar mixed convection in a vertical tube is given in
Table 1.

Despite the vast number of investigations on the subject,
there seems to be no detailed account of published data ac-
curately quantifying the buoyancy effects on the laminar flow
and heat transfer characteristics in a heated or cooled vertical
tube.?® Thus, even though the buoyancy effects on forced flow
have been established a while ago, no single study seems to
present comprehensive data that are readily accessible to the
thermal design engineer for pressure drop and heat transfer
calculations in a heated or cooled vertical tube. The contri-
bution of the present laminar numerical data to the plethora
of already published results may be summarized as follows:

1) The buoyancy effects on the flow and thermal entry
lengths are illustrated. No such specific data have been pub-
lished in the past.

2) The critical buoyancy parameters signaling the onset of
flow reversal for both assisting and opposing flow conditions
are determined. These are compared to available experimen-
tal and numerical predictions. Axial locations where the first
flow reversal is encountered are documented.

3) Extensive data are compiled illustrating the buoyancy
effects on local and average friction factors and Nusselt num-
bers. They include data for both assisting and opposing flow
conditions in an isothermally or uniformly heated/cooled ver-
tical tube.

Analysis

The applicability of the presented data is limited by the
modeling assumptions. Thus, the equations solved pertain to
the steady, laminar, axisymmetric flow of a constant property
fluid with a Prandtl number of 0.7 (characteristic of air). The
axial diffusion of stress and heat are omitted from the gov-
erning set of equations. The parabolicity of the equations is
completed by decoupling the streamwise and transverse pres-
sure gradients in the two momentum equations. Although
these assumptions jeopardize the accuracy of the data at low
Reynolds numbers, at the same time they eliminate the depen-
dence of the results on the Reynolds number itself. In addi-
tion, viscous energy dissipation is assumed to be negligible
and as such no Eckert number dependence is associated with
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Table 1 Summary of published computational and experimental data on laminar
mixed convection in a vertical tube

Assisting Refs. 1, 2, 10, 12, 13, 14, 17, 18, 19

UWT {opposirfg Refs. 12, 17, 18

UHF { Assisting Refs. 2, 3, 4,5, 8,10, 11, 12, 16, 17
Opposing  Refs. 3, 5, 8, 12, 17

Computational

Assisting Refs. 5, 6,7, 14, 15
Exoerimental 4 T {Opposing Refs. 5. 7. 15
p : UHF { Assisting Refs. 7,9, 12, 16
Opposing ~ Ref. 7

the data. Beyond the Boussinesq approximation, the effects
of temperature and pressure on density and viscosity of the
fluid are also omitted in an effort to simplify the presentation
of the data. As a result, the dimensionless data are functions
of only the buoyancy parameter ) (Grashof-to-Reynolds
number ratio) and the fluid Prandtl number Pr. Finally, the
entrance velocity of the fluid is chosen to be uniform. This is
appropriate in instances when the heating/cooling of the fluid
commences at the point where the fluid enters the tube.

The steady laminar flow assumption needs special attention
as natural convection effects can cause transition to an un-
steady flow at Reynolds numbers much lower than those usu-
ally associated with transition to turbulence for forced con-
vection flow. It has been established experimentally’-12-2! that
transition to an unsteady flow for buoyancy assisting flow
cases precipitates from the gradual growth of small disturb-
ances that are in sinuous motion. This is very similar to wave
instability (Tollmien-Schlichting waves) present in external
boundary-layer flows. For buoyancy opposing flow situations,
on the other hand, the flow instability has been found to be
associated with separation at the wall. Transition to an un-
steady flow for this case is sudden, and it is preceded by an
asymmetry in the flowfield as shown in downflow experi-
ments.”! Thus, whereas for assisting flow it is quite possible
to have unstable flows without observing transition, for op-
posing flows transition to an unsteady flow occurs shortly after
an unstable flow is initiated.

From the above, one can thus conclude that for buoyancy
opposing flow conditions the onset of flow reversal near the
wall also signals transition to unsteady flow. However, when
the buoyancy assists the flow, the first occurrence of small
disturbances associated with the streamwise velocity profile
developing points of inflection does not necessarily signify
transition. As a result, flow reversal occurs at downstream
streamwise locations from the point of onset of the distur-
bances. Although it is not necessary for assisting flows to have
a reversal in order for the flow to become unstable, experi-
ments of upflow of water in an isothermally heated tube
report®7-22 that unsteady flow always occurred downstream of
the flow reversal. It was also observed that the upstream
region of the reversed flow appeared quite stable. Experi-
mental transition data for water flowing upward in a uniformly
heated tube are given by Scheely and Hanratty?! and by Law-
rence and Chato'? who also present an approximate transition
criterion.

Consequently, the range of applicability of the current com-
putational data, as far as the steady laminar flow assumption
is concerned, can be established for opposing flow as the
region where no flow reversal is detected. No such claim can
be made for the assisting flow case where transition is ex-
plicitly a function of the Reynolds number in addition to the
buoyancy force parameter. However, even though one may
need to resort to experimental transition data or wave insta-
bility analyses to assess the applicability of the current data
for the buoyancy assisting flow case, published experimental
data’ report that flow reversal was observed upstream of tran-
sition to unsteady flow.

The fluid which enters the tube at the uniform ambient
temperature 7., may be flowing either upward or downward

while it is being heated or cooled. The surface of the tube is
assumed to be maintained at either a uniform temperature
T, (UWT) or have a prescribed uniform heat flux gq,, (UHF).
For downward flow the origin of the coordinate system is at
the top of the tube where the fluid enters.

The nondimensional parabolized axisymmetric Navier-Stokes
and energy equations for steady laminar flow along with cor-
responding boundary conditions can be written as

U 1 9
(V) = 1
X =0 M

oU oU dP 1 9 oU
— — = —— 4+ -— =] +208 (2
Ux Vi, ax " 5 <" @

v F1% P 19 v 14
— = T - g—)-= @3
Yax t V% an | maom (" 71) 7 ©
89 0 113 06
- === 4
UdX Van Prmom (77 81]) )
=1,V=0,0=0,P= at X =0 (5a)
E?_U=09V_Oa?—0—07 dt 7720 (Sb)
an d
90
U=0,V=06=1(UWT) or £=1(UHF)
at n=1 (5¢)

The transformed dimensionless parameters are defined from

4x r u vRe,,
= = — = — V = —=
X DRe,’ R’ v a’ 20t
5 P * pgx 5 _ Repp
= P _—
P p.a? 4p,1
o (6)
0= 77 — 7 forUWT
0 = M for UHF
q.R

where Re;, = aD/vis the Reynolds number based on D, and
the plus or minus sign in the definition of the mean pressure
in Eq. (6) pertains, respectively, to upward or downward flow.

In the above equations £ is a measure of the intensity of
the buoyancy force defined as

Gr
Q= i’-ée—n (7

In Eq. (7) Gr has a dual interpretation depending on the
surface heating condition
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— 3
Gr = 8PIL. — LR = AR for uwr
4
Gr = &@Lg;—j’i for UHF (8)

The plus and minus signs in front of the buoyancy force pa-
rameter that appear in the streamwise momentum equation
denote, respectively, buoyancy assisting and buoyancy op-
posing flows. The buoyancy assists the flow, ) > 0, when the
pipe is being heated for upward flow or being cooled for
downward flow. On the other hand, the buoyancy opposes
the flow, £ < 0, when the pipe is being cooled for upward
flow or heated for downward flow.

Computational Procedure

The system of Eqs. (1-5) was solved using the well-doc-
umented finite-difference scheme of Pantankar,” while adopting
a control volume suggested by Patankar and Spalding?®* for
the streamwise momentum and energy Eqgs. (2) and (4). The
radial momentum Eq. (3) was solved at each cross-stream
plane using the Simpler algorithm.?* A variable axial step size
that ranged from AX = 3 X 10-° near the inlet to 10-3 at
the exit was utilized in the computations. Forty-six grid points
were chosen in the radial direction. The grid interspacing
varied in the radial direction to effect denser clustering of the
grid points near the tube wall. Results from a mesh with 23
radial grid points and half the number of axial steps produced
local friction factors and Nusselt numbers that differed by less
than 1% for X > 9 x 10-* from those predicted by the
adopted mesh.

Results

Physical Parameters

The local and average friction factors are defined, respec-
tively, from

f - f= =< fdx ©)

poi?’ p? xJo

Local Nusselt numbers based on the wall-to-ambient and
wall-to-bulk temperature differences, respectively, are eval-
uated from

9, D

_ 4. D __ 4 D
Nu:x: = k 3 (TW _ Tb) k (10)

T, - T.) Nty

where T, is the bulk temperature defined from

2 (R
T, = —

u
=R aTr dr (11)

Corresponding average Nusselt numbers are defined as

- 0, D - 0, D
= e — N = ———— —

N = R, — T & Y= SaRx(T, — T,) k
(12)

In the above equations, Q,, is the total rate of heat transfer
to or from the fluid

0, = 2R [ g, ax (13)

T, is the average tube surface temperature, and T, is the
mean bulk temperature defined from

_ 1 X - 1 X
Tw:—J' T, dx, Tb:—f T,dx  (14)
X JO X Jo

The flow entry length x, is defined as the axial distance
where the centerline velocity is within 1% of its fully devel-
oped value. Specifically

X — x;; when
for UWT and Q = 0

u(r = 0, x) = 0.9%u(r = 0, x — =) { or
for UHF and O = 0

|

for UWT and 2 < 0
u(r = 0, x) —» 1.0lu(r = 0, x — ) { or
for UHF and Q = 40

(15)

The thermal entry length x, ;, is defined as the axial distance
where the local bulk Nusselt number is within 1% of its fully
developed value. Thus

x—Xx,;, when

for UWT and Q =0
Nuy(x) = 1.01Nu,(x — =) { or
for UHF and 3 = 0
for UWT and ) = -3
Nu,(x) = 0.99Nu,(x — =) { or
for UHF and Q = 40
(16)

The effects of the buoyancy parameter on the friction fac-
tors, Nusselt numbers, and flow and thermal developing re-
gions are illustrated for gases with a Prandtl number of 0.7,
flowing either upward or downward in a heated or cooled
vertical tube. It is reiterated that the present data are based
on uniform inlet velocity and temperature profiles at x = 0
[Eq. (5a)]. The depicted trends are best described from the
buoyancy effects on the velocity and temperature profiles for
each heating/cooling configuration.

Isothermally Heated or Cooled Vertical Tube

When the buoyancy force is absent, the near-the-wall fluid
is decelerated continuously due to the wall shear until the
parabolic fully developed velocity profile is attained. This
results in the monotonic exponential decrease of the friction
factors (Fig. 1) and Nusselt numbers (Fig. 4) for Q = 0.

When the buoyancy force assists the flow (2 > 0) the de-
celeration of the near-the-wall fluid due to shear is resisted
by the buoyancy assisting forces that tend to accelerate the
fluid near the wall, resulting in friction factors that exceed
those of pure forced convection (Fig. 1). At sufficiently large

300

UWT
Pr=0.7

f Re,

local
------ average

X/ (DRep)

Fig. 1 Friction factors for buoyancy assisting flow in an isothermally
heated or cooled vertical tube, Pr = 0.7.
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buoyancy force parameters, {) = 50, the intensity of the buoy-
ancy force overtakes the damping effect of the wall shear
stress. This results in a net acceleration of the near-the-wall
fluid and a subsequent increase in the local friction factor as
indicated by the valleys for () = 50 and 65 in Fig. 1 (inset).
Farther downstream, the intensity of the buoyancy force di-
minishes as the fluid tends to the temperature of the wall.
This results in a deceleration of the near-the-wall fluid ac-
companied by an acceleration of the center core fluid, re-
sulting in the decrease of the local friction factors and the
manifested peaks in Fig. 1. Finally, at sufficiently far distances
from the inlet, the flow readjusts in the absence of any buoy-
ancy force and attains the pure forced convection fully de-
veloped parabolic profile u/a = 2(1 — 77, ensuing in the
zero buoyancy fully developed friction factor of f,Re,, = 64.
Furthermore, the initial deceleration of the near-the-wall fluid
due to wall shear, followed by its acceleration due to assisting
buoyancy forces and subsequent deceleration as the buoyancy
force subsides, results in significantly longer flow entry lengths
than pure forced convection case (see Fig. 3).

When the buoyancy force opposes the forced flow, the
slowing down of the near-the-wall fluid due to wall shear is
augmented further due to the opposing buoyancy force, re-
sulting in friction factors that lie below those of pure forced
convection (Fig. 2). Reduction of the near-the-wall velocities
due to the opposing buoyancy forces is accompanied by an
acceleration of the near-the-center core fluid, thus exceeding
pure forced convection fully developed centerline velocities
significantly. The diminishing of the intensity of the buoyancy
force contributes to the occurrence of the valleys in the friction
factors shown in Fig. 2. Eventually, as the fluid temperature

150 1

UWT
2 Pr=0.7

local
------ average

T

T T T
.0 0.1 0.2 0.3 0.4 0.5

x/(DRep)

Fig. 2 Friction factors for buoyancy opposing flow in an isothermally
heated or cooled vertical tube, Pr = 0.7.
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Fig. 3 Flow and thermal entry lengths in an isothermally heated or
cooled vertical tube, Pr = 0.7.

nears the uniform wall temperature, the buoyancy force dis-
appears and the fluid readjusts to attain the pure forced con-
vection fully developed parabolic profile. Accordingly, the
friction factors for opposing flow (Fig. 2) exhibit minima near
the inlet of the pipe, while ultimately merging asymptotically
to the zero buoyancy fully developed limit of f;,Re;, = 64 at
sufficiently large distances from the inlet. The augmentation
of the deceleration of the near-the-wall fluid due to opposing
buoyancy forces and the subsequent extinction of the buoy-
ancy force results in significantly longer flow entry lengths
(see Fig. 3).

When the buoyancy force assists the flow, the acceleration
near the wall is accompanied by deceleration of the near-the-
center fluid as dictated by the conservation of mass. Even-
tually, as the buoyancy force increases further, the centerline
streamwise velocity reverses itself and the fluid near the cen-
terline moves opposite to the entering flow in order to con-
serve mass. In these instances, the parabolicity of the equa-
tions is not satisfied and the present solution algorithm becomes
invalid. In the present study for an isothermally heated/cooled
tube with buoyancy assisting conditions, the onset of flow
reversal occurred at a buoyancy parameter ()., = 66. This
is smaller than Q_;, = 89 predicted for air by Zeldin and
Schmidt who used a coarser grid point mesh. Rosen and
Hanratty?® using an approximate analysis which employed a
parabolic inlet velocity profile predicted flow inversion for Pr
= 0.73 at Q;, = 73.5. Scheely et al.” reported experimental
transition data in terms of a Gr vs Re plot for upflow heating
of water with constant wall temperature.

Flow reversal also occurs when the buoyancy force opposes
the forced flow. This time, however, the reversal occurs near
the wall due to the large buoyancy forces present near the
surface where the fluid motion is relatively small. For the
continuously heated/cooled isothermal tube the onset of flow
reversal for buoyancy opposing case was determined at ),
= —37. Rosen and Hanratty® using an approximate method
predicted Q_;, to be —29. Flow visualization experiments us-
ing a dye reported by Scheely et al.” indicated the occurrence
of an asymmetric region of reversed flow at _; = —37 for
constant temperature cooling of water in upflow. It is noted,
however, that the experiments were conducted with an un-
heated starting length thus modeling a parabolic entrance
velocity at the start of cooling. Transition data are also pre-
sented in the same study.”

Flow reversal, in the present study, for both buoyancy as-
sisting and opposing flow cases occurred very close to the
entrance of the pipe for the uniform wall temperature case,
[x/(DRep)]eiy = 0.016 for Q;, = 66 and [x/(DRep)].,, = 0.018
for Q. = —37. Tt is interesting to note that the streamwise
locations of flow reversal are way upstream of the fully de-
veloped conditions depicted in Fig. 3. This is because the
largest temperature differences and buoyancy forces exist at
the entrance of the pipe. As the buoyancy parameters increase
beyond their corresponding critical values the onset of flow
reversal moves upstream towards the inlet for both buoyancy
assisting and buoyancy opposing cases. The approximate anal-
ysis of Rosen and Hanratty,> which employed a parabolic
inlet velocity profile, predicted the axial locations where flow
reversal first occurs to be [x/(DRep)].; = 0.0189 for Q. =
73.5 and [x/(DRep)]|, = 0.0516 for Q. = —37. It is of
interest to note the effects of the assumed inlet profile on
flow reversal. If the heating/cooling of the pipe starts at a
point beyond the flow entry length region, it is appropriate
for the inlet velocity at the heated region to be that of a pure
forced convection fully developed profile wia = 2(1 ~ 7?).
Due to the parabolic nature of the inlet velocity then, flow
reversal will be delayed for buoyancy assisting flow while it
will occur sooner for opposing flow cases. This is consistent
with the numerical estimates for the buoyancy assisting flow
of Zeldin and Schmidt,™* where Q;, = 89 for a uniform ve-
locity profile at the entrance, whereas )., = 97 for a fully
developed parabolic profile at the inlet.
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Consistent with the trends of the just discussed velocity
profiles, when the buoyancy force assists the forced flow (Q
> 0) the convective heat transfer rate from the heated (7, >
T.) or to the cooled (T, < T.)) wall is initially rejuvenated.
This results in generally higher fluid temperatures for the
heated wall, or lower fluid temperatures for the cooled wall
than corresponding pure forced convection temperatures. Thus,
this initial augmentation of the convective heat transfer rate
is self-destructive as it diminishes the wall-to-fluid tempera-
ture difference that drives the heat transfer. Consequently,
as the bulk Nusselt numbers are a measure of the ratio of the
convective flux to the wall-to-bulk temperature difference,
they exceed the zero buoyancy values as illustrated in Fig. 4.
Eventually, at downstream locations where the buoyancy force
disappears, the bulk Nusselt numbers attain asymptotically
the zero buoyancy fully developed limit of Nu, = 3.66. It is
interesting to note that at the high buoyancy parameters, Q
= 50, bulk Nusselt numbers exhibit kinks (Fig. 4) rather than
the valleys and peaks shown in Fig. 1. This may be due to
friction factors being directly affected by buoyancy forces,
while Nusselt numbers are indirectly affected via the velocity
profile.

Similarly, when the buoyancy force opposes the forced flow
(2 < 0) the further deceleration of the near-the-wall fluid
initially diminishes the heat transfer rate between the fluid
and tube. This in turn augments the wall-to-fluid temperature
difference. As a result, when the buoyancy opposes the flow,
the bulk Nusselt numbers lie below those for zero buoyancy
force and exhibit slight valleys as shown in Fig. 5. Again, at
sufficiently far downstream locations, the buoyancy forces
subside as the fluid attains the uniform wall temperature, and
the local Nusselt numbers reach the zero buoyancy fully de-
veloped limit of Nu, = 3.66.

Thermal entry lengths as defined from Eq. (16) are also
plotted in Fig. 3. Consistent with the trends described for the
flow entry length, the thermal entry lengths are also shown
to increase with buoyancy force for both assisting and op-
posing flow cases. For a fluid with a Prandtl number of 0.7,
the thermal entry lengths are slightly shorter than correspond-
ing flow entry lengths. For the uniform wall temperature con-
sidered, the eventual disappearance of the buoyancy force
destroys the coupling and the dependence of the velocity pro-
file on the temperature distribution, thus resulting in the two
separate (flow versus thermal) entry lengths shown in Fig. 3.

The Nusselt number based on the wall-to-bulk temperature
difference is a measure of both the wall temperature gradient
and the wall-to-bulk temperature difference. On the other
hand, local Nusselt numbers based on wall-to-ambient tem-

UwT
Pr=0.7

—— local
_____ average

T T T T

0
0.0 0.1 0.2 0.3 0.4 0.5

x/(DRe,)

Fig. 4 Bulk Nusselt numbers for buoyancy assisting flow in an iso-
thermally heated or cooled vertical tube, Pr = 0.7.
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Fig. 5 Bulk Nusselt numbers for buoyancy opposing flow in an iso-
thermally heated or cooled vertical tube, Pr = 0.7.

T T
0.000 0.025 0.050 0.075 0.100 0.125

x/(DRe,)

Fig. 6 Ambient Nusselt numbers for buoyancy assisting flow in an
isothermally heated or cooled vertical tube, Pr = 0.7.

perature difference are directly a measure of the heat transfer
rate from or to the wall.

Such local and average ambient Nusselt numbers are plot-
ted for an isothermally heated/cooled vertical tube in Figs. 6
and 7 for buoyancy assisting and opposing flows, respectively.
As can be seen from Fig. 6, when the buoyancy assists the
forced flow (Q > 0) higher Nusselt numbers are attained for
the mixed convection flow near the inlet of the pipe due to
increasing convective heat transfer rates that result from the
accelerating flow near the wall. As noted earlier, the aug-
mentation of the convective heat transfer rates near the en-
trance of the tube eventually diminishes the magnitude of the
wall-to-fluid temperature difference. This reduction, there-
fore, causes the lowering of local mixed convection Nusselt
numbers below corresponding local forced convection values.
The crossover occurs at shorter distances from the inlet with
increasing intensity of assisting buoyancy parameters (at
x/DRe,) = 0.03125 for Q = 65; at x/(DRey) = 0.03975 for
Q = 10) as noted from Fig. 6. The exact opposite trend occurs
for buoyancy opposing flow case as seen from Fig. 7. Thus,
local convective heat transfer rates are initially below those
for the forced convection case due to the buoyancy induced
deceleration. However, at some point downstream, the en-
suing larger wall-to-fluid temperature differences enhance the
heat transfer mechanism, resulting in local Nusselt numbers
that exceed their zero buoyancy values. The crossover of the
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Fig. 7 Ambient Nusselt numbers for buoyancy opposing flow in an
isothermally heated or cooled vertical tube, Pr = 0.7.

local data with the zero buoyancy curve occurs around x/(DRep,)
= 0.04545.

From Egs. (10) and (12), with the local heat flux and total
heat transfer rates calculated from Figs. 6 and 7, one can
determine corresponding local and mean bulk temperatures
with the aid of Figs. 4 and 5.

Uniformly Heated or Cooled Vertical Tube

When the heating or cooling of the tube surface is pre-
scribed by means of a uniform heat flux condition, heat is
continuously pumped at the same rate to or from the fluid.
Thus, even though the intensity of the buoyancy force de-
creases in the developing region, it attains a minimum and
remains constant thereafter. Hence, in contrast to the UWT
case where the dependence of the velocity on temperature
ceases to exist beyond a region away from the inlet, for the
uniform heat flux case the coupling of the momentum equa-
tion with the thermal field by way of the buoyancy force is
present throughout the heated/cooled tube. One consequence
of this coupling is the existence of a single flow/thermal de-
veloping region in contrast to the independent flow and ther-
mal entry lengths present for the UWT case.

When the buoyancy force assists the flow (1 > 0) the shear
related deceleration of the near-the-wall fluid is opposed by
the buoyancy forces that tend to aid the motion of the fluid
near the wall. This results in friction factors that exceed those
of pure forced convection as shown in Fig. 8. Therefore, this
buoyancy coupling induces the valleys in the local friction
factors illustrated in Fig. 8. Away from the inlet, the intensity
of the buoyancy force decreases resulting in the peaks shown
in the same figure. Eventually, the decrease in the friction
factors levels off as fully developed conditions are attained.
The resultant fully developed velocity profiles, which are not
parabolic anymore, exhibit maxima near the wall and minima
at the center. Thus, for UHF as the ever-present buoyancy
forces assist the flow, the thermal communication between
the wall and the fluid is enhanced which results in shorter
entry lengths. This is illustrated in Fig. 10 where the common
flow/thermal entry length is plotted as a function of the buoy-
ancy parameter.

When the buoyancy force opposes the forced flow (O <
0), the shear related deceleration of the near-the-wall fluid is
further augmented by the opposing buoyancy forces. This
results in friction factors that lie below corresponding zero
buoyancy values as shown in Fig. 9, and monotonically de-
crease to their fully developed values. The resultant fully
developed velocity profiles exhibit maxima at the centerline
that exceed the zero buoyancy parabolic value ul, _ , = 2a.
Since the negative buoyancy forces hinder the thermal com-
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Fig. 8 Friction factors for buoyancy assisting flow in a uniformly
heated or cooled vertical tube, Pr = 0.7.
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Fig. 9 Friction factors for buoyancy opposing flow in a uniformly
heated or cooled vertical tube, Pr = 0.7,
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Fig. 10 Flow-thermal entry length in a uniformly heated or cooled
vertical tube, Pr = 0.7.

munication between the wall and the fluid, longer entry lengths
are experienced with increasing magnitude of the negative
buoyancy forces, as illustrated in Fig. 10. Fully developed
friction factors for both buoyancy assisting and buoyancy op-
posing flow cases are presented in Fig. 11.

As the buoyancy force is increased for a uniformly heated/
cooled vertical tube, flow reversal results for both buoyancy
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Fig. 11 Fully developed friction factors and bulk Nusselt numbers
in a uniformly heated or cooled vertical tube, Pr = (.7.
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Fig. 12 Bulk Nusselt numbers for buoyancy assisting flow in a uni-
formly heated or cooled vertical tube, Pr = 0.7.

assisting and buoyancy opposing situations. Even though for
the uniform heat flux case the buoyancy force is always pres-
ent, if the flow becomes fully developed before flow reversal
occurs, no reversal can occur further downstream. When the
buoyancy assists the flow, the flow reversal is first detected
at the centerline of the pipe at an axial location moderately
farther from the inlet, [x/(DRep)l. = 0.025, than that for
the uniform wall temperature case. On the other hand, when
the buoyancy opposes the flow, the onset of the flow reversal
which occurs in the immediate vicinity of the pipe wall, is
shifted significantly downstream from the inlet at [x/(DRe )]
= 0.101. Flow reversal for the UHF case, as evidenced from
Fig. 10, is found to occur very near the location where the
flow and heat transfer approach fully developed conditions.
For the uniformly heated/cooled vertical tube, the critical
buoyancy parameters for which flow reversal is first detected
were determined as (), = 146 for buoyancy assisting and
Q... = —27 for buoyancy opposing flow, respectively. As the
magnitude of the buoyancy force is increased further, the
initial flow reversal occurs upstream towards the inlet. Scheely
and Hanratty?! report flow reversal from an approximate fully
developed flow analysis at Q;, = 159.6 and Q_; = —26.1,
respectively, for assisting and opposing flow cases. Transition
data for both upflow and downflow of water in a uniformly
heated tube section are also reported®' in terms of Gr/Re plots.

Consistent with the trends discussed friction factors, bulk
Nusselt numbers are found to behave in a similar but less
severe fashion (Figs. 12 and 13). Thus, for the buoyancy as-
sisting case, local Nusselt numbers also exhibit slight valleys
for all Q > 0 values plotted, and even less severe peaks at

UHF
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————— average

N-20 26
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Fig. 13 Bulk Nusselt numbers for buoyancy opposing flow in a uni-
formly heated or cooled vertical tube, Pr = 0.7.
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Fig. 14 Ambient Nusselt numbers for buoyancy assisting flow in a
uniformly heated or cooled vertical tube, Pr = 0.7.

high buoyancy parameters £ > 80 as shown in Fig. 12. For
the buoyancy opposing case (2 < 0), the bulk Nusselt num-
bers which lie below their corresponding zero buoyancy values
decrease monotonically to their fully developed values as shown
in Fig. 13. Fully developed bulk Nusselt numbers for both
buoyancy assisting and opposing flow situations are also shown
in Fig. 11.

Local and average ambient Nusselt numbers that inversely
signify the dimensionless magnitude of tube wall temperature
are plotted in Figs. 14 and 15 for buoyancy assisting and
opposing flows, respectively. In contrast to the uniform wall
temperature heating or cooling data shown in Figs. 6 and 7,
the local ambient Nusselt numbers for the uniform heat flux
case always exceed corresponding local forced convection data
when buoyancy assists the flow (Fig. 14), whereas those for
buoyancy opposing flow are always lower than forced con-
vection data (Fig. 15). This is due to the continuous presence
of the buoyancy forces. As the ambient Nusselt numbers are
inversely proportional to the pipe wall temperature, the merg-
ing of the lines in Figs. 14 and 15 at large axial distances is
not an indication of the disappearance of the buoyancy force,
but instead is due to the increase of the denominator of the
Nusselt numbers [Eqgs. (10) and (12)]. The wall temperatures
are therefore distinctly different for the various buoyancy
parameters for all x/(DRep) values. Again, with the aid of
Egs. (10) and (12), once the local and average wall temper-
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Fig. 15 Ambient Nusselt numbers for buoyancy opposing flow in a
uniformly heated or cooled vertical tube, Pr = 0.7.

atures are calculated from Figs. 14 and 15, local and mean
bulk temperatures can be determined from Figs. 12 and 13.

Conclusions

A numerical investigation is carried out to document the
buoyancy effects in an isothermally or uniformly heated/cooled
vertical tube for steady laminar mixed convection flow of air
(Pr = 0.7). When the pipe is heated or cooled isothermally,
the buoyancy force diminishes downstream as the fluid-to-
wall temperature differences dwindle. Mixed convection ve-
locity profiles attain the forced convection fully developed
parabolic shape at significantly longer flow and thermal entry
lengths for both buoyancy assisting and opposing flows. As
the buoyancy force is the largest at the flow entrance, flow
reversal for an isothermally heated or cooled vertical tube
occurs very close to the entrance; at the center of tube for
buoyancy assisting, and near the wall for the buoyancy op-
posing case.

When the vertical pipe is heated or cooled at a uniform
rate, the buoyancy force persists throughout the heating/
cooling region. Consequently, a single developing region for
both velocity and temperature prevails. For buoyancy assist-
ing flows, fully developed conditions are attained sooner than
forced convection case as the velocity profiles exhibit maxima
near the wall. For the buoyancy opposing flow, on the other
hand, fully developed conditions are delayed with centerline
velocities exceeding corresponding pure forced convection data.
The onset of flow reversal for a uniformly heated/cooled tube
shifts downstream away from the entrance, particularly for
the buoyancy opposing case.

The opposing effects of the frictional forces and the buoy-
ancy forces when ) > 0, results in local friction factors and
local bulk Nusselt numbers that exceed their corresponding
zero buoyancy values while exhibiting valleys and peaks par-
ticularly at high buoyancy intensities. On the other hand,
when ) < 0, the buoyancy forces act in the same direction
with frictional forces in slowing down the near-the-wall fluid,
resulting in friction factors and bulk Nusselt numbers that lie
below their corresponding zero buoyancy values. They either
monotonically decrease to their fully developed values (UHF),
or exhibit valleys in attaining their zero buoyancy fully de-
veloped limits (UWT).
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